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LETTER TO THE EDITOR 

Liouville surface and new nonlinear integrable equations 
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$ Department of Physics, Jadavpur University, Calcutta, 700032 India 

Received 25 October 1983 

Abstract. New nonlinear equations are obtained by embedding a Liouville surface in a 
space of larger dimension. Both the cases in which the embedding space is flat and curved 
are considered and they lead to two different nonlinear equations. Lastly a new determina- 
tion of the second fundamental form is indicated in which a coupled set of three nonlinear 
equations are obtained. In each case we also obtain the Lax pair equations. 

In recent years a geometrical approach to nonlinear equations has been very successful 
in yielding new classes of equations and also for obtaining the corresponding Lax pairs. 
In fact the famous Backlund transformation initially originated in differential geometric 
studies of pseudospherical surfaces (Eisenhart 1909). The whole subject really began 
with the celebrated paper of Regge and Lund (1976), about the embedding of lower- 
dimensional surfaces in a higher-dimensional one. Here in this paper we show that it 
is possible to generate a new class of nonlinear partial differential equations by 
embedding a surface whose line element is given by 

ds2 = du2/sin2dw +dv2/cos2$w (1) 

where w is a function of (U, U )  in E 3 .  A surface with such an element was initially 
studied by Liouville and so it is called after his name. Instead of the present-day 
differential form approaches, we will follow the traditional tensorial notation. 

Let V,, be a Riemannian manifold of dimension n and E , + 1  a space of larger 
dimension n + 1. In fact the larger space need not have dimension ( n  + 1) but can 
have any dimension m > n. The larger space may be flat or curved. In the following 
we have considered both of these cases. 

Let us denote the line element of V,, as 

ds2 = g,,dx,dx,. (2) 
The simplest and the most transparent form of Gauss-Codazzi equations are repro- 
duced in the Weirstrassian coordinates denoted by Z", 7:l where we have followed 
the notation of Eisenhart (1964). 

These equations written in full read: 

2.9-I =c ea~cls77:1-KOgllZ" 
fm LL 

77:/ti=-Rvlilg z , m + C  e+Tc1,~:1 
( 3 )  
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where the integrability conditions read: 

KO = the curvature of the enveloping space, 

.nolij,k - a o l i k , j  = e ~ ( p  rolk a + j  - p . r o l j a T l i k )  

and lastly the equation of Ricci written as 

p . r o / / . k  - p r o \ k , /  +c e p ( p p T l / p p p r r l k  - ~ p r l k ~ U p o l / ) + g f h ( ~ . r l r , ~ ~ l h k - ~ ~ ~ l k ~ o / h , )  =o. (6) 

pTol, are the components of the torsion and in these equations it should be observed 
that p ,  U, ~ = n + l , .  . . . 

With these words about the formalism let us now consider the case when m = 3. 
Then p ,  U, T can only have a value each equal to n + 1 = 3, that is n = 2. In the above 
equations a,~, denotes the coefficients of the second fundamental form associated 
with the surface. In our particular case the integrability conditions can be explicitly 
written as 

dD3 a~~ D aE ( 1 aG 1 aE) D2---D-  1 aG 
2v au 2E av 2G au 2E au 2G av 3-0 

D1 D2 - D: 1 dE 1 d E  
JEG 

where we have set 

(7) 

and 

It is now easy to see from equation (11, that is from the values of E, F, G and equation 
(7),  that one possible choice (if the enveloping space is flat) is 

and D2 = sec2$w, D3=0 21 D1 = cosec 20 

and the only component of the curvature tensor which survives is R l Z l 2  given also by 

Equating these two expressions of R1212 we get 

a 
au - [ tanztw a] -$ [ cot 21 zw- =$sin w 

the required nonlinear equation for the unknown function @(U, v )  and it is easy to 
make contact with the usual formalism if we set U = x ,  U = t. 

Now the most interesting part of the differential geometric approach is that inverse 
scattering equations are supplied by equations (3) .  
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In terms of the Weirstrassian coordinates they read 

0 0 
0 

-ta31l1g1l -$n3111g11 

and 

0 0 
0 

-%3122gZ2 303122g2’ 0 

If the enveloping space is curved the nonlinear equations read 

The corresponding IST equations are modified as 

and 

0 a3122 -Kg y+ 

f -4 0 -a3122 0 K f Z ]  1 (15) 

-R3~22g”  $n31228” 0 0 

Lastly let us indicate a different solution of the second fundamental form. We 
begin by setting 

D1= 0 2  and 0 3  f 0 ;  

then equations (7) can be converted to three coupled nonlinear partial differential 
equations written in the following form. 

To simplify the expressions we set 

D1 = h(u ,  v )  cos w Dz = g( U, v )  tan t w .  

Then h, g, w satisfy 

g, = hu cos w/tan $w 

a a tan i w  
- [ h  cos w exp(-icot’ & U ) ]  = - (g tan’ io) x 
av au exp(4cot’ & w )  

h2 cos’ w -g’ tan’ &U = -- 2 [” ( tan’ $WE) -: (cot’&:)] 
sm w au 

which form a set of coupled nonlinear partial differential equations associated with 
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the Lax pair 

0 
0 

-hcosw/sin2$w 0 0 
=( 

and 

It is also possible to extend this case to an embedding space of constant curvature 
KO and obtain further generalisations of nonlinear equations and Lax pairs. 

In this connection it is worth mentioning that as in the usual geometrical approaches 
the eigenvalue parameter is not there from the very beginning. The invariance of the 
resulting equations under some transformation in the (x, t )  plane (scaling, stretching 
and so on) is to be exploited for introducing this parameter. This and other related 
questions will be discussed in a future communication. 

One of the authors (ARC) would like to thank Dr P Percacci, Scuola Internazionale 
Studi Superiori Avanzati, Trieste, for discussions. 

He is grateful to Professor Abdus Salam, the International Atomic Energy Agency 
and Unesco for generous support and hospitality at the International Centre for 
Theoretical Physics, Trieste, where this work was completed. 

References 

Eisenhart L P 1909 A Treatise on the Differential Geometry of Curves and Surfaces (New York: Dover) 
- 1964 Riemannian Geometry (Princeton: Princeton University Press) 
Regge T and Lund F 1976 Phys. Rev. D 14 1524 


